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A Bearing Weak Fault Diagnosis Method Based on

Wavelet-VMD-Teager Energy

XU Wuzhen1, CUI Li1, REN Deyu2, XU Weize2, SHI Dafang2

(1. College of Engineering, Shanghai Polytechnic University, Shanghai 201209; 2. Technology Center, Zhejiang

Tianma Bearing Group Co., Ltd., Deqing 313200, Huzhou, China)

Abstract: In order to diagnose the single fault of rolling bearing, a new method combining wavelet VMD-Teager energy operator and

wavelet CEEMD-Teager energy operator is proposed. For the fault signal of rolling bearing, firstly, wavelet denoising is carried out,

IMF component is obtained by VMD decomposition, and appropriate IMF component is selected by kurtosis and correlation coefficient

for reconstruction. Through the teager energy operator envelope demodulation of the reconstructed IMF, the characteristic frequencies

of bearing faults with different fault degrees can be obtained. Compared with the fault signal envelopment diagram obtained by VMD

treatment and CEEMD treatment, the experimental data verify that VMD treatment can more effectively extract the weak features of

single fault of rolling bearing.
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¤eZlÑ�fª�,�~·Ü?n�²&Ò,

¿�U
O(òªÇ�C�&Ò©lÑ¥%ªÇ

ÚØÓ�°��©þ,Ì�A^uõ©þ�²�

�5&Ò�©l [5-6]
"ò²���©) (empirical

mode decomposition, EMD)ÚÛÜþ�©) (local

mean decomposition, LMD)?n?1é'©Û�±

wÑ, VMD �±³� EMD Ú LMD �{�)�J

b©þÚ��·U¿�©)�ê�!�Çp [7-11]
"

4�û� [12] JÑ
Äu VMD ©)ÚÛÉ�©)

�A�J��{,Ì�|^ØÓ�çÀ�ªÚ�


Cþ�àa (fuzzy C means clustering, FCM)5¢y

ØÓ�æ�ª�©a"/BÄ� [13] Ì�òëê`

z�� VMD ^5?n¶«¦^cÏ¤Ñy��

æ"pý´� [14] ò VMD Ú TeagerUþ�fü«

�{�(Ü5�äpØÑ>�´XÂ�æ1Å,¢

��yd«�{U���Ð(J"�¡9� [15] Ï

Lò VMD Ú 1.5�Ì��{(Üå5éEÄ¶«

@Ï�æ?1�ä"ëöì� [16] JÑ|^ VMD,

¦^ÛÉ�©)5?nçÀÑ��k��©þ (in-

trinsic mode function, IMF),�J��æA�ªÇ,�

�,�±�yd«{éEÄ¶«��
²~5Ñy

��æ"qêz� [17] ¦^Ö¿8Ü²���©)

(complementary ensemble empirical mode decomposi-

tion, CEEMD)é�Ä&Ò5?1?n,�±��Ø

Ó� IMF,çÀÑ�¹�æ&E�õ� IMF ©þ,

�?1�?n,¦)�©þ�õºÝ� (MSE),Ï

L©Û��æ&Ò��äÌ,du�±*	��

æ&Ò��æªÇ,�±@��'A�Uk��N

Ñ�Ä&Ò¤�¹��æ&E"

�©JÑ�«Äu�Å!VMD Ú CEEMD�

TeagerUþ�f�(Ü�éu�Ä&Òuÿ��

{"|^�Ý -�'Xê{,ÏLO��©þ��©

&Ò�m��'Xê±9�©þ��Ý5À��`

©þ,|^ TeagerUþ�féÀ�� IMF ©þ?1

)N©Û?n,���äÌ,léEÄ¶«�f�

æ?1�ä"

1 Ä:nØ

1.1 VMD©)�Ä��n

VMD ´�«&Òg·A©)�O�{,§�¢

�´¦^õ��BÈÅ|é&Ò?1ÈÅ"VMD

�{¥Ú^
����¼ê�Vg,ò IMF �âN

�IO#½Â� AM-FM &Ò:

uk(t) = AK(t) cos(φk(t)) (1)

ª¥: φk �� , φk(t)�4~� φ′
k(t) > 0; AK(t)

�1Å&ÒÌ�, AK(t) > 0; uk(t) ���©þ,

´d AK(t) Ú]�ªÇ ωk(t) = φ′
k(t) |¤��

Å&Ò"φk(t)����u AK(t)±93�mm�

[t− δ, t+ δ]S, δ ≈ 2π/φ′
k(t)"

VMD Ì��n´ò�?n&Ò�\C©�.

S,|ÏC©�.��`),¦�&ÒgÄN�±¢

y�Z�J�©),3ù�L§¥���� IMF �

ªÇ¥%Ú�°ØäCz,��â¢S&Ò�A�

ª��g·A©¤�A IMF ©þ"

(1)b�&Ò f ¥¹k K � IMF ©þ,©Od

µk 5L«,�z� IMF éA�¥%ªÇ� ωk,�A

��åC©�.Xe:

min
{µk},{ωk}

{

k
∑

k=1

∥

∥

∥
∂(t)

[(

σ(t) +
j

πt

)

· µk(t)
]

·

e−jωkt

∥

∥

∥

2

2

}

s.t.

k
∑

k=1

uk = f











































(2)

ª¥: {uk} = {u1, u2, · · · , uk} �©)�� K �

IMF; {ωk} = {ω1, ω2, · · · , ωk} ©O�� IMF éA

�¥%ªÇ"

(2)�¦)Ñþã�åC©¯K��`),òþ

ª=����åC©¯K,J�
O2Ý
.�K

F¼ê:

L({uk}, {ωk}, λ) =

α
∑

k

∥

∥

∥
∂(t)

[(

σ(t) +
j

πt

)

· µk(t)
]

· e−jωkt

∥

∥

∥

2

2
+

∥

∥

∥
f(t) −

∑

k

uk(t)
∥

∥

∥

2

2
+

∥

∥

∥
f(t) −

∑

k

uk(t)
∥

∥

∥

2

2
+

〈λ(t), f(t) −
∑

k

uk(t)〉 (3)

ª¥: α ��g��¨vÏf; e−jωkt �?�Xê;

f(t)��©&Ò; λ(t)�.�KF¦{�f"

(3)�â�O��¦f�{ (ADMM) ¦þãO

2Ý
.�KF¼ê�Q:,=þª�.¥��Z

),�&Ò�ç¤�A�K � IMF"T�{zg¦

)��Cþ,Ù¦CþÀ�®�,�±3ª�¦�1
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n+ 1gS��(J,=:

ûn+1
k (ω) =

f̂(ω) −
∑

i6=k

ûi(ω) +
λ̂i(ω)

2

1 + 2α(ω − ωk)2
(4)

ωn+1
k =

∫ ∞

0

ω|ûk(ω)|2dω
∫ ∞

0

|ûk(ω)|2dω
(5)

lÔn¿Âþ5`, ûn+1
k (ω) �±w¤´�{

&Ò f̂(ω) −
∑

i6=k

ûi(ω) ÏL WienerÈÅì�(J;

ωn+1
k �±w¤1 k���õÇÌ�%"

dþãúª�±8BÑ��VMD �{�6§

Xe:

(1)Ð©z {û1
k}!{ω1

k}!̂λ1Ú n=0;

(2) n = n+ 1,�1��L§;

(3) �1S�1��Ì�, �â ûn+1
k (ω) =

f̂(ω) −
∑

i6=k

ûi(ω) +
λ̂(ω)

2

1 + 2α(ω − ωk)2
,�# uk;

(4)K = k + 1,E (3),�� k = K,Ê�S�

1 1�Ì�;

(5) �1S�1 2 �Ì�, �â ωn+1
k =

∫ ∞

0

ω|ûk(ω)|2dω
∫ ∞

0

|ûk(ω)|2dω
�# ωk;

(6)K = k + 1,E (5),�� k = K,Ê�S�

1 2�Ì�;

(7)�â λ̂n+1(ω) = λ̂n(ω)+τ(f̂ (ω)−
∑

k

ûn+1
k ),

�# λ;

(8) 2gl (2)∼(7) m©, ��÷v��^�
∑

k

‖ûn+1
k − ûn

k‖2
2

‖ûn
k‖2

2

< ε,Ì�Ê�,ÑÑK � IMF"

1.2 CEEMD©)�Ä��n

ØÓuDÚ� EEMD�{, CEEMD´é�&

ÒV\¤é��!KxD(,l�Øí3D(!J

pO��Ç"

é�©æ8���Ä&Ò x(t),V\�K¤é

�xD(,���éD(&Ò:

Pi = x(t) + ni(t)

Ni = x(t) − ni(t)







(6)

ª¥: ni(t)�1 igV\�xD(; Pi �1 ig\

þxD(���&Ò;Ni �1 ig~�xD(��

�&Ò"

é&Ò (Pi, Ni)|^ EMD�{?1©),��

ü|���¼ê:

Pi =

m
∑

j=1

c+ij(t)

Ni =

m
∑

j=1

c−ij(t)























(7)

ª¥: c+ij(t)� Pi ©)���1 j � IMF; c−ij(t)�

Ni ©)���1 j� IMF"

E±þL§M g,,�éõ«©þ|Ü�þ

�:

cj(t) =
1

2M

m
∑

i=1

(c+ij(t) + c−ij(t)) (8)

ª¥: cj(t)L«ÏL CEEMD���1 j � IMF ©

þ; M ��´L§Egê; m��´ il 1��

m"

2 Äu VMD-TeagerUþ�f��æ

�ä�.

2.1 �Ý -�'OK

�ÝÌ�´^5ïþ�ÌVÇ�Ý¼êÍ�

Ý,Ì��^u�äL¡���a�@Ï�æ,

Ku =
E(x− µ)4

σ4
(9)

ª¥: Ku��Ý; µ�þ�; σ �IO�; x�¶«

�æ&Ò"

3y¢)¹¥,� Ku = 3���@��u)

�æ"EÄ¶«Ñy"�Ü©��)�ÀÂ¦��

���Ì���©Ù�þ2,²w l��©Ù,

d� Ku > 3"�Ý�����ÀÂ¤©3¶«&

Ò¥�'~¥��' [18]
"3�æu)@Ï,T�I

ØäO�,�Ï~�"

|^�'Xê�ä IMF �Ð©&Ò�'é5,

IO�Ñ�� IMF ©þ�p�'¼êRj ÚÐ©&

Ò�g�'¼êRx,=

R(m) =
1

P

P−1
∑

i=0

x(i)x(i+m) (10)

ª¥: x(i)�&Ò,����G�; P �&ÒS�¥

�:ê"

rg�'¼ê�8�z?n,¿O� Rj � Rx
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�p�'¼ê rj Xe:

rj =

2n−1
∑

i=1

Rj(i)Rx(i)

√

√

√

√

2N−1
∑

i=1

R2
j (i)

2N−1
∑

i=1

R2
x(i)

(11)

ª¥: j� IMF�^S; i���l 1∼ 2N −1;Rj �

�� IMF �p�'¼ê; rj � Rx �p�'¼ê"

Ï~�¹e rj �ê����Ð©&Ò¤��

'"IMF XJ·Ü
�õ�Z6&ÒK��&Ò�

�'5��,Ó�`² IMF Ø´�Ü·�,Ïd rj

��,��&Ò��'"du¶«�æ@ÏÑy�,

�Ý�éd���æ�©¯a,ÏdÀJ�Ý�Ñ

�� IMF �Ä���",,�³/���I5]

À�Ü·� IMF Ø�î>,�!|^þã��'X

ê rj ,�¡�Ä�öê�þÀ��é��� IMF �

�Ü·�©þ"

2.2 TeagerUþ�f

TeagerUþ�fö�{ü��Ý¯,éu&Ò

�Å/UC�±�ÐLy,Ì�A^+�´&Ò�

)N©Û"éulÑ&Ò x(n),Ù TeagerUþ�f

�L«�

ψ[x(n)] = x2(n) − x(n+ 1)x(n− 1) (12)

b�&Ò

x(n) = a(n) cos(φ(n)) (13)

Ù]�ªÇ�

Ωi(n) ≈ dφ(n)/dn (14)

�¤é¡�©&Ò�

s(n) ≈ −a(n) sin[Ωi(n)] sin(φ(n)) (15)

�±�� s(n)� TeagerUþ�f�

ψ(s(n)) = a2(n) sin4(Ωi(n)) (16)

&Ò x(n)�ªÇÚÌ��L«�

Ωi =
1

2
arccos

⌊

1 − ψ(x(n+ 1) − x(n− 1))

ωψ(x(n))

⌋

(17)

|a(n)| =

√
2ψ(x(n))

√

ψ(x(n+ 1) − x(n− 1))
(18)

3 �{Ú½96§

�EÄ¶«3¦^cÏu)�æ�,§Ý�f,

J±uÿ,�©JÑÄu�Å VMD-TeagerUþ�

f��Å CEEMD-TeagerUþ�fü«�ä�{,

ÙÚ½Ú6§Xã 1¤«"

(1)é�©&Ò?1�Å?n,8�´üD;

(2)2©O|^ VMD Ú CEEMD?1?n,3

VMD ©)¥��Ð©��êK = 2,¨vÏf��

� 2 000,�°��� 0;

(3)ÏLnÜ'� IMF��ÝÚ�'Xê,5ç

À IMF;

(4)|^ TeagerUþ�f5?n�&Ò,�±

��¶«��æA�ªÇ"

VMD 

CEEMD

IMF

IMF
IMF

Teager

ã 1 �{Ú½96§
Fig. 1 Algorithm steps and flow

4 ¢��y9©Û

4.1 ¢���

�©ò¦^{I Case Western Reserve�Æ�

¶«¥%êâ¥¥�Ü©êâ5�y�©JÑ�{

�O(5Úk�5"TÁ�²�Ì�d 1� 1.5 kW

°Ä>ÄÅ!1�ÛÝDaì!1�ÿõ¤Ú>ÄÅ

��ü�|¤,Xã 2¤«"

ã 2 ¢�ÿÁ²�
Fig. 2 Experimental test platform
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¢��ÏL>»s\ó��ª�[�a�æ�

ú,°Äà�¶«.Ò�SKF6205-2RS,äN5�ë

êXL 1¤«"

L 1 EÄ¶«(�ëê
Tab. 1 Structural parameters of rolling bearing

ëêa. º÷à °Äà

S��»/mm 17.00 25.00

	��»/mm 40.00 52.00

þÝ/mm 12.00 15.00

EÄN�»/mm 6.75 7.94

!»/mm 28.50 39.04

EÄN�ê 8 9

�>�/(◦) 0 0

4.2 EÄ¶«S��æ©Û

Á�¥À�°Äà�æ�Ä&Ò,Ù>ÄÅó

�=�� 1 797 r/min,=Ä>ÄÅ�\1õÇ� 0,

©OÀ��æ�º� 0.177 8 mmÚ 0.533 4 mm�

�Ä&Ò,æ�ªÇ� 12 kHz,&Ò�Ý� 6 000

�æ�:"ÏLO�,�±��°ÄàS��æA

�ªÇ� 162 Hz,°Äà	���æA�ªÇ�

108 Hz"éS���&Ò����äÌXã 3¤«,

du�3�õZ6&EÃ{O(J�¶«��æA

�"ã 3(a)!(b)©O��æº�ØÓ�°ÄàS�

�æ&Ò�äã"

0.2

0.1

0 200

162(a)

400
f/Hz

600 800 1 000

/(
m

·s
−

2
)

0.6

0.5

0.4

0.3

0.2

0.1

0 200

162
(b)

400
f/Hz

600 800 1 000

/(
m

·s
−

2
)

ã 3 °Äà (0.177 8 mm) (a)Ú°Äà (0.533 4 mm) (b)S
��©&Ò�äã

Fig. 3 Original signal envelope diagram of the inner ring of
(a) the driver end (0.177 8 mm), (b) the driver end
(0.533 4 mm)

|^�Åéæ8���æ&Ò?1ÐÚüD,

²L VMD ©)���� IMF ��ÝÚ�'Xê,

XL 2!3¤«"é' CEEMDÚ VMD ©)���

�äã (�ã 4!5), ²wwÑ, VMD ©)����

äãÅ/fe��,ªÌþ�¸�´u«©"éu

�æº�� 0.177 8Ú 0.533 4 mm�S��æ&Ò,

dã¥�±wÑ, VMD � TeagerUþ�f��{

U�k�/J��f�æ��æªÇ"

L 2 °ÄàS��æ (0.177 8 mm) VMD©)�c 4 �
IMF ©þ��Ý -�'Xê

Tab. 2 Kurtosis-correlation coefficients of the first four IMF
components of VMD decomposition for inner ring faults
at the drive end (0.177 8 mm)

©þ �Ý �'Xê

IMF1 2.522 7 0.154 7
IMF2 3.348 3 0.274 9
IMF3 4.627 3 0.621 2
IMF4 4.426 8 0.648 5

L 3 °ÄàS��æ (0.533 4 mm) VMD©)�c 4 �
IMF ©þ��Ý -�'Xê

Tab. 3 Kurtosis-correlation coefficient of the first four IMF
components of VMD decomposition for drive end inner
ring fault (0.533 4 mm)

©þ �Ý �'Xê

IMF1 3.214 8 0.100 5
IMF2 3.211 9 0.323 8
IMF3 3.718 2 0.668 2
IMF4 3.893 3 0.475 8

0.2

0.1

0 200

162

(a)

400
f/Hz

600 800 1 000

/(
m

·s
−

2
)

0.2

0.1

0 200

162

324
486

(b)

400
f/Hz

600 800 1 000

/(
m

·s
−

2
)

ã 4 CEEMD (a) Ú VMD © ) ° Ä à S � � æ

(0.177 8 mm) (b)&Ò�äã
Fig. 4 (a) CEEMD; (b) VMD decompose the inner ring fault of

the driver end (0.177 8 mm) signal envelope diagram
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0.4

0.3

0.2

0.1

0 200

162(a)

400
f/Hz

600 800 1 000

/(
m

·s
−

2
)

0.4

0.3

0.2

0.1

0 200

162

(b)

400
f/Hz

600 800 1 000

/(
m

·s
−

2
)

ã 5 CEEMD (a) Ú VMD © ) ° Ä à S � � æ

(0.533 4 mm) (b)&Ò�äã

Fig. 5 (a) CEEMD; (b) VMD decompose the inner ring fault of
the driver end (0.533 4 mm) signal envelope diagram

4.3 EÄ¶«	��æ©Û

ã 6¥ (a)!(b)©O�°Äà	�ØÓ�æ§

Ý��æ&Ò�äã,�ã¥Z6&Ò�õ,ØU²

w*	Ñ�Ä&Ò��æªÇ"

L 4!5©O�	��æ§Ý� 0.177 8 mmÚ

0.533 4 mm��æ&Ò?1 VMD ©)����Ý

Ú�'Xê"ã 7Úã 8©O�é' CEEMD ©)

1.5

1.0

0.5

0 200

108
(a)

400
f/Hz

600 800 1 000

/(
m

·s
−

2
)

1.0

0.5

0 200

108
(b)

400
f/Hz

600 800 1 000

/(
m

·s
−

2
)

ã 6 °Äà (0.177 8 mm) (a)Ú°Äà (0.533 4 mm) (b)	
��©&Ò�äã

Fig. 6 Original signal envelope diagram of the outer ring (a)
at the driver end (0.177 8 mm); (b) at the driver end
(0.533 4 mm)

L 4 °Äà	��æ (0.177 8 mm) VMD©)�c 4 �
IMF ©þ��Ý -�'Xê

Tab. 4 Kurtosis-correlation coefficient of the first four IMF
components of VMD decomposition for drive end outer
ring fault (0.177 8 mm)

©þ �Ý �'Xê

IMF1 6.427 6 0.041 1

IMF2 4.468 4 0.380 8

IMF3 3.191 7 0.669 2

IMF4 3.755 4 0.571 6

L 5 °Äà	��æ (0.533 4 mm) VMD©)�c 4 �
IMF ©þ��Ý -�'Xê

Tab. 5 Kurtosis-correlation coefficient of the first four IMF
components of VMD decomposition for drive end outer
ring fault (0.533 4 mm)

©þ �Ý �'Xê

IMF1 5.396 1 0.213 9

IMF2 7.459 0 0.031 9

IMF3 14.325 3 0.564 2

IMF4 18.467 3 0.771 6

Ú VMD ©)���ØÓ�æ§Ý�	��æ&Ò

�äã"

dã 7(a)� (b)��, VMD ©)U²w*	�

	��æA�ªÇ9Ù�ª;ã 8(a), (b)�ü�â
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Fig. 7 (a) CEEMD; (b) VMD decompose the outer ring fault of
the driver end (0.177 8 mm) signal envelope diagram
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Fig. 8 (a) CEEMD; (b) VMD decompose the inner ring fault of
the driver end (0.533 4 mm) signal envelope diagram
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